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SIMULTANEOUS LINEARIZATION OF GERMS OF
COMMUTING HOLOMORPHIC DIFFEOMORPHISMS
KINGSHOOK BISWAS
Abstract. Let α1, . . . , αn be irrational numbers which are linearly inde-
pendent over the rationals, and f1, . . . , fn commuting germs of holomorphic
diffeomorphisms in C such that fk(0) = 0, f
′
k
(0) = e2piiαk , k = 1, . . . , n.
Moser showed that f1, . . . , fn are simultaneously linearizable (i.e. conjugate
by a germ of holomorphic diffeomorphism h to the rigid rotations Rαk (z) =
e2piiαkz) if the vector of rotation numbers (α1, . . . , αn) satisfies a Diophan-
tine condition. Adapting Yoccoz’ renormalization to the setting of commuting
germs, we show that simultaneous linearization holds in the presence of a
weaker Brjuno-type condition B(α1, . . . , αn) < +∞ where B(α1, . . . , αn) is a
multivariable analogue of the Brjuno function. If there are no periodic or-
bits for the action of the germs f1, . . . , fn in a neighbourhood of the origin
then a weaker arithmetic condition B′(α1, . . . , αn) < +∞ analogous to Perez-
Marco’s condition for linearization in the absence of periodic orbits is shown
to suffice for linearizability. Normalizing the germs to be univalent on the
unit disk, in both cases the Siegel disks are shown to contain disks of radii
Ce−2piB, Ce−2piB
′
respectively for some universal constant C.
AMS Subject Classification: 37F50
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1. Introduction
A germ f(z) = e2πiαz + O(z2), α ∈ R−Q/Z of holomorphic diffeomorphism
fixing the origin in C is said to be linearizable if it is analytically conjugate to the
rigid rotation Rα(z) = e
2πiαz. The number α is called the rotation number of f ,
Research partly supported by Department of Science and Technology research project grant
DyNo. 100/IFD/8347/2008-2009.
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and the maximal domain of linearization is called the Siegel disk of f . Siegel [Sie42]
showed that if α satisfies a Diophantine condition∣∣∣∣α− pq
∣∣∣∣ ≥ Cqτ
for all integers p, q for some C, τ > 0, then f is linearizable. Brjuno [Brj71] showed
that linearizability holds under the more general Brjuno condition defined as follows:
Let (α(i))i≥0 denote the fractions arising from the continued fraction algorithm
(given by iterating the Gauss map α 7→ 1/α(mod1)) applied to α, then the Brjuno
condition is
B(α) :=
∞∑
n=0
α(0) . . . α(n−1) log
(
1
α(n)
)
< +∞.
Yoccoz [Yoc95] proved the optimality of the Brjuno condition: if B(α) = +∞ then
there exists a nonlinearizable germ f with rotation number α. Perez-Marco [PM93]
showed that the weaker arithmetic condition
B′(α) :=
∞∑
n=0
α(0) . . . α(n−1) log log
( e
α(n)
)
< +∞.
is sufficient for linearizability in the absence of periodic orbits accumulating the
fixed point, and is optimal in this case: if B′(α) = +∞ then there exists a nonlin-
earizable germ f with rotation number α with no periodic orbits in a neighbourhood
of the origin.
It is well known that N commuting germs f1, . . . , fN are either simultaneously
linearizable or nonlinearizable. Moser [Mos90] has shown that if the rotation num-
bers α1, . . . , αN satisfy a Diophantine condition
max
1≤k≤N
|qα− pk| ≥
C
qτ
for some C > 0, τ > 0 then the germs f1, . . . , fN are simultaneously linearizable.
More precisely Moser proves that commuting analytic circle diffeomorphisms whose
rotation numbers satisfy the above condition and are sufficiently close to the cor-
responding rotations are simultaneously analytically linearizable; by the dictionary
between circle maps and germs established by Perez-Marco in [PM97] this local
linearization result implies the corresponding global linearization result for germs.
Generalizing Moser’s result we show that multidimensional analogues of Br-
juno’s and Perez-Marco’s conditions given by arithmetic functions B(α1, . . . , αN ),
B′(α1, . . . , αN ) (defined in the next section) suffice for linearizability in the presence
and absence of periodic orbits:
Theorem 1.1. Let f1, . . . , fN be N commuting germs with rationally indepen-
dent irrational rotation numbers α1, . . . , αN univalent on the unit disk D. If
B(α1, . . . , αN ) < +∞ then f1, . . . , fN are simultaneously linearizable, and their
common Siegel disk contains the disk of radius Ce−2πB(α1,...,αN ) around the origin
for some universal constant C.
In the appendix it is shown that the above arithmetic condition is implied by
Moser’s Diophantine condition. By a periodic orbit for the action of collection of
commuting maps f1, . . . , fN univalent on D we mean a finite set O ⊂ D invariant
under the maps fj , i.e. fj(O) = O, j = 1, . . . , N .
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Theorem 1.2. Let f1, . . . , fN be N commuting germs with rationally independent
irrational rotation numbers α1, . . . , αN , univalent on the unit disk D with no peri-
odic orbits in D. If B′(α1, . . . , αN ) < +∞ then f1, . . . , fN are simultaneously lin-
earizable, and their common Siegel disk contains the disk of radius Ce−2πB
′(α1,...,αN )
around the origin for some universal constant C.
2. Brjuno-type functions.
We define Gauss maps for N -tuples of fractions as follows:
Let α1, . . . , αN ∈ (0, 1) be irrationals linearly independent over Q, and w ∈
{1, . . . , N}. We define irrationals (α˜1, . . . , α˜N ) = G(α1, . . . , αN , w), 0 < α˜i < 1/2,
as follows:
Let αˆi = αi for i 6= w and αˆi = 1 for i = w.
Let ai = ai(α1, . . . , αN , w) be integers such that
|aiαw − αˆi| = min
k∈Z
|kαw − αˆi| <
1
2
αw
Let
α˜i :=
|aiαw − αˆi|
αw
∈ (0, 1/2), ǫi = sgn(aiαw − αˆi)
Given an infinite word w = (w(n))n∈N ∈ C := {1, . . . , N}N, let α
(0)
i = αi and
(α
(n+1)
1 , . . . , α
(n+1)
N ) = G(α
(n)
1 , . . . , α
(n)
N , w(n)) for n ≥ 0. We define
B(α1, . . . , αn, w) :=
∞∑
n=0
α
(0)
w(0) . . . α
(n−1)
w(n−1) log(
1
α
(n)
w(n)
)
B′(α1, . . . , αn, w) :=
∞∑
n=0
α
(0)
w(0) . . . α
(n−1)
w(n−1) log log(
1
α
(n)
w(n)
)
and
B(α1, . . . , αn) := inf
w∈C
B(α1, . . . , αn, w)
B′(α1, . . . , αn) := inf
w∈C
B′(α1, . . . , αn, w)
3. Renormalization of commuting germs.
In this section we generalize Yoccoz’ renormalization for germs to the setting of
N commuting germs. Throughout C > 0 will denote various universal constants,
Dr the disc {|z| < r}, Hy the half-plane {Im z > y} and S(a, y) the vertical strip
{|Re z| ≤ a, Im z ≥ y}.
Let
St,r := { f | f is univalent on D, f(0) = 0, f
′(0) = e2πiα }
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and
Sˆt,y := { F | F is univalent on Hy, lim
Im z→+∞
(F (z)−(z+α)) = 0, F (z+1) = F (z)+1 }
be the corresponding space of lifts to the half-plane Hy via the universal covering
E : H→ D∗, E(z) = e2πiz , where y = 12π log(1/r). These spaces are compact (with
respect to the topology of uniform convergence on compacta), and satisfy
|F (z)− (z + α)| ≤ Ce−2π Im z
|F ′(z)− 1| ≤ Ce−2π Im z
for all F ∈ Sˆα, Im z ≥ C + y. We call α the rotation number of F . By the Koebe
one-quarter theorem, the inverse F−1 is well-defined and univalent in HC+y for a
universal constant C, and satisfies the same estimates as F for C large enough.
3.1. Uniformizing maps. We recall the uniformizing maps defined by Yoccoz
in order to perform the renormalization. For α ∈ R let t(α) > 0 be such that
|F (z)− (z+α)| ≤ α4 for Im z ≥ t(α), F ∈ Sˆα,0 (by the above estimates we can take
t(α) = 12π log(
1
α
) + C for a universal constant C).
Let l be the line segment [it(α),+i∞]. Then l, F (l) and the segment s =
[it(α), F (it(α))] bound a domain U in H. The proximity of F to the translation by
α shows that any point z in the domain V = {Im z ≥ 12 |Re z| + t(α) + 1} has an
iterate Fn(z) contained in U .
Pasting the boundary segments l and F (l) of U by F the quotient π : U → S :=
U/(l ∼ F (l)) gives a Riemann surface S which is biholomorphic to the punctured
disc D∗. Let k : S → D∗ be a uniformization and K : U → H a lift of k satisfying
E ◦ K = k ◦ π. The lift K satisfies K(F (z)) = K(z) + 1 for points z in the left
boundary segment l of U . We can therefore extend K univalently to V by defining
K(z) := K(F j(z)) − j where z ∈ V , F j(z) ∈ U . The extended map K satisfies
K(F (z)) = K(z) + 1 whenever z, F (z) ∈ V and is called a uniformizing map for F .
For C > 0 large enough the domain U ′ bounded by l′ = [i(t(α)+C),+i∞], F (l′)
and s′ = [i(t(α) +C), F (i(t(α) +C))] is contained in V and Yoccoz shows that the
following estimate holds:
Proposition 3.1. For z ∈ S(2, t(α) + C) ⊂ V∣∣∣∣K ′(z)− 1α
∣∣∣∣ ≤ 13
1
(y − t(α))2
Composing K with a translation we may assume that K(s′) is contained in the
closure of the lower half-plane with K(s′)∩R 6= ∅. The above estimate then yields
(for C large enough) on integration
Proposition 3.2. For z ∈ S(2, t(α) + C),∣∣∣∣K(z)− 1α (z − i(t(α) + C))
∣∣∣∣ ≤ 2α
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We may assume C is large enough so that for |j| ≤ a(α) = [10/α] + 1, the maps
F j are univalent on Ht(α)+C mapping into Ht(α)+C−1. For n ≤ a(α) let
A(F, n) =
n⋃
j=−n
F j(U ′)
Taking C large enough, A(F, a(α)) contains the strip S(8, t(α) +C + 1). The map
K extends to A(F, n) putting K(F j(z)) = K(z) + j, and by the above proposition
the image K(l′) of the vertical line l′ is close enough to the positive imaginary axis
so that
K(A(F, a(α)) =
j=a(α)⋃
j=−a(α)
T j(K(U ′))
covers the strip S(8/α, 0).
3.2. Simultaneous renormalization. Given N commuting maps Fj ∈ Sˆαj , j =
1, . . . , N with irrational rationally independent rotation numbers αj , j = 1, . . . , N
and w ∈ {1, . . . , N} we define a renormalization operator R giving N commut-
ing maps (F˜1, . . . , F˜N ) = R(F1, . . . , FN , w) with rotation numbers (α˜1, . . . , α˜N ) =
G(α1, . . . , αN , w) as follows:
Let K be a uniformizing map for F = Fw with associated domains U ,U ′,V as
defined above.
Let Fˆi = Fi for i 6= w, and Fˆi = T for i = w, where T (z) = z+1 is the translation
by one.
We may assume the universal constant C > 2 is chosen large enough so that the
maps F ǫiaiw ◦ Fˆ
−ǫi
i are univalent on the strip S(2, t(α) +C) and map it into V . On
the domain X := K(S(2, t(α) + C)) we define the maps
F˜i := K ◦ (F
ǫiai
w ◦ Fˆ
−ǫi
i ) ◦K
−1
Since K conjugates Fw to the translation T , the maps F˜i commute with T and
therefore extend univalently to the union of translates Y := ∪n∈ZT n(X ) by setting
F˜i(T
n(z)) := F˜i(z) + n for z ∈ X . Since the image K(s′) of the segment s′ lies in
the lower half-plane, Y contains the upper half-plane, so we obtain N commuting
maps F˜j ∈ Sˆα˜j ,0, j = 1, . . . , N .
Lemma 3.3. Given G ∈ Sˆβ˜,y˜ commuting with F˜1, . . . , F˜N , where |β˜| < 1/2, y˜ ≥
0, the conjugate G∗ = K−1 ◦ G ◦ K defines an element of Sˆβ,y commuting with
F1, . . . , FN where β = αwβ˜ and y = αwy˜ + t(αw) + (1 + αw)C + 2.
Proof: It follows from Proposition 3.2 that the image of the strip S(2/αw, y)
under K is contained in the strip S(4/αw, y˜ + C). For C large enough the maps
G, F˜ ǫj ◦ T
k, G ◦ F˜ ǫj ◦ T
k, ǫ = ±1, j = 1 . . . , N, |k| ≤ [1/αw] + 1, map S(4/αw, y˜ +C)
into S(8/αw, y˜) ⊂ K(A(Fw , a(αw)). So the conjugates of these maps by K−1 are
univalent in S(2/αw, y); the conjugates include G
∗, F1, . . . , FN , T and commute
because G ◦ F˜ ǫj ◦ T
k = F˜ ǫj ◦ T
k ◦ G. Since G∗ commutes with T , it extends to a
univalent map on the union of translates of S(2/αw, y) under T which contains Hy.
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From Proposition 3.2, K(z) = z/αw + o(z),K
−1(z) = αwz + o(z) as Im z → +∞
(with Re z bounded), from which it follows that
lim
Im z→+∞
G∗(z)− z = αwβ˜
so G∗ ∈ Sˆβ,y. ⋄
3.3. Iterating the renormalization. Given maps F1, . . . , FN as above and an
infinite word w = (w(n))n≥0 ∈ {1, . . . , N}
N, we define
(F
(0)
1 , . . . , F
(0)
N ) := (F1, . . . , FN )
(F
(n+1)
1 , . . . , F
(n+1)
N ) := R(F
(n)
1 , . . . , F
(n)
N , w(n)) , n ≥ 0
We denote by F˜n the map F
(n)
w(n) with respect to which we are renormalizing at
the nth stage and by α˜n its rotation number α
(n)
w(n). Let Kn be the uniformizing
map of F˜n
For 0 ≤ m ≤ n, we define finite families of commuting maps Fm,n univalent on
Hym,n as follows:
Let yn,n := t(α˜n). Let Fn,n be the collection of maps {F˜ jn : 0 ≤ j ≤ [1/α˜n]}
univalent on Hym,n . Let ǫn,n := α˜n.
For 0 < m ≤ n assume ym,n and Fm,n have been defined and satisfy the following
induction hypotheses:
(1) The maps in Fm,n are univalent in Hym,n .
(2) F
(m)
1 , . . . , F
(m)
N , T commute with the elements of Fm,n.
(3) The rotation numbers of the maps in Fm,n are contained in [0, 1) and are ǫm,n-
dense in [0, 1] (every point in [0, 1] is at distance less than ǫm,n from these rotation
numbers).
Let ym−1,n := α˜m−1ym,n + t(α˜m−1) + (1 + α˜m−1)C + 2. By Lemma 3.3, the
collection of conjugates F˜m−1,n := {G∗ = K
−1
m−1 ◦G◦Km−1 : G ∈ Fm,n} are univa-
lent on Hym−1,n , commute with F
(m−1)
1 , . . . , F
(m−1)
N , T and taking C large enough
we may assume (since they have rotation numbers in [0, 1)) that they map this
half-plane into Hym−1,n−2. For 0 ≤ j ≤ [1/α˜m−1], the maps F˜
j
m−1 are univalent on
Hα˜m−1+C ⊃ Hym−1,n−2; for each G ∈ F˜m−1,n we can choose 0 ≤ j(G
∗) ≤ [1/α˜m−1]
such that the rotation numbers of the maps {F˜ jm−1 ◦ G
∗ : G∗ ∈ F˜m−1,n, 0 ≤ j ≤
j(G∗)} are contained in [0, 1), are α˜m−1ǫm,n-dense in [0, 1], and these maps are
univalent on Hym−1,n .
Let Fm−1,n = {F˜
j
m−1 ◦ G
∗ : G∗ ∈ F˜m−1,n, 0 ≤ j ≤ j(G∗)} be this collection of
maps, and ǫm−1,n = α˜m−1ǫm,n. Then the induction hypotheses (1), (2), and (3)
above are satisfied for ym−1,n,Fm−1,n and ǫm−1,n. By descending induction on m
we get:
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Proposition 3.4. For any word (w(n))n≥0 ∈ {1, . . . , N}N there are families of
maps F0,n univalent on Hy0,n commuting with F1, . . . , FN , T , where
y0,n ≤
n∑
j=0
α
(0)
w(0) . . . α
(j−1)
w(j−1)t
(
α
(j)
w(j)
)
+ C′
for a universal constant C′. Moreover the rotation numbers of the maps F ∈ F0,n
are ǫ0,n-dense in [0, 1] where ǫ0,n = α
(0)
w(0) . . . α
(n)
w(n).
Proof: Assume that ym+1,n satisfies
ym+1,n ≤
n∑
j=m+1
α
(m+1)
w(m+1) . . . α
(j−1)
w(j−1)t
(
α
(j)
w(j)
)
+2(C+1)

1 +
n−2∑
j=m+1
α
(j)
w(j) . . . α
(n−2)
w(n−2)


(for an m+ 1 ≤ n). Then the definition of ym,n gives
ym,n ≤
n∑
j=m
α
(m)
w(m) . . . α
(j−1)
w(j−1)t
(
α
(j)
w(j)
)
+ α
(m)
w(m)2(C + 1)

1 +
n−2∑
j=m+1
α
(j)
w(j) . . . α
(n−2)
w(n−2)


+
(
1 + α
(m)
w(m)
)
C + 2
≤
n∑
j=m
α
(m)
w(m) . . . α
(j−1)
w(j−1)t
(
α
(j)
w(j)
)
+ 2(C + 1)

1 +
n−2∑
j=m
α
(j)
w(j) . . . α
(n−2)
w(n−2)


≤
n∑
j=m
α
(m)
w(m) . . . α
(j−1)
w(j−1)t
(
α
(j)
w(j)
)
+ C′
where C′ = 4(C +1), using α
(j)
w(j) < 1/2 for all j. By induction we get the required
inequality for y0,n. ⋄
4. Linearization of commuting germs
Lemma 4.1. Let F = (ft)t∈A be a commuting family of maps univalent on a disc
Dr such that ft(0) = 0, f
′
t(0) = e
2πit, the set of rotation numbers A contains an
irrational and is dense in [0, 1]. Then the maps ft are simultaneously linearizable
with Siegel disk containing Dr.
Proof: The family F , being a normalized family of univalent functions on a disk,
is normal. Fix a t0 in A which is irrational. For any sequence tn ∈ A converging
to t ∈ [0, 1], any normal limit f of the sequence (ftn) must have rotation number
t and commute with ft0 ; but t0 being irrational, the power series of f is uniquely
determined by these two conditions. So the sequence (ftn) has a unique normal
limit and is normally convergent to a map which we denote by ft. Since A is dense
we get a commuting family of maps {ft : t ∈ [0, 1]} univalent on Dr; as above,
tn → t implies ftn(z) → ft(z) for tn, t ∈ [0, 1] so t 7→ ft(z) is continuous for fixed
z. Let
h(z) :=
∫ 1
0
e−2πitft(z) dt , z ∈ Dr.
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Then h is holomorphic, h(0) = 0 and h′(0) = 1 (Riemann sums for the integral
converge normally to h). For t ∈ R we let ft := ft where t ∈ [0, 1] is the fractional
part of t. Then the maps ft satisfy ft ◦ fs = ft+s for all real t, s, which gives
h(ft(z)) = e
2πitft(z) so h linearizes the maps ft. ⋄
Proof of Theorem 1.1: Let F1, . . . , FN be lifts of f1, . . . , fN with rotation num-
bers 0 < α1, . . . , αN < 1. Let w = (w(n)) be a word such B(α1, . . . , αN , w) ≤
B(α1, . . . , αN ) + 1. Since t(α
(n)
w(n)) =
1
2π log(1/α) + C and 0 < α
(n)
w(n) < 1/2 for
n ≥ 1,
∞∑
n=0
α
(0)
w(0) . . . α
(n−1)
w(n−1)t
(
α
(j)
w(j)
)
≤ B(α1, . . . , αN , w) + C
′′
for a universal constant C′′. Let F0,n be the families of maps given by Proposition
3.4 and F = {f : E ◦ F = f ◦ E for some F ∈ F0,n, n ≥ 0 }. Then by the
estimate in Proposition 3.4, the family F satisfies the hypotheses of Lemma 4.1 on
a disc Dr where r = C
′′′e−2πB(α1,...,αN ) for some universal constant C′′′, these maps
commute with f1, . . . , fN , hence f1, . . . , fN are linearizable with common Siegel disk
containing Dr. ⋄
Proof of Theorem 1.2: For a map F ∈ Sˆα,0 without fixed points, as Perez-Marco
shows in [PM93], we can take t(α) = 12π log log(e/α) as the height above which F is
close to translation by α. We note that the set of fixed points in HC (where C > 0)
of any Fj is finite modulo the translation T , and hence, if nonempty, gives rise
to a periodic orbit (modulo T ) for F1, . . . , FN , T . Since F
(n+1)
1 , . . . , F
(n+1)
N , T are
conjugates by Kn of the group generated by F
(n)
1 , . . . , F
(n)
N , T , a periodic orbit of
F
(n+1)
1 , . . . , F
(n+1)
N , T corresponds to a periodic orbit for F
(n)
1 , . . . , F
(n)
N , T . It fol-
lows that if F1, . . . , FN , T have no periodic orbits then neither do F
(n)
1 , . . . , F
(n)
N , T .
in particular F
(n)
w(n) has no fixed points modulo T , and so we can take t(α
(n)
w(n)) =
1
2π log log(e/α
(n)
w(n)) for all n. The proof then follows the same lines as that of
Theorem 1.1 above. ⋄
5. Appendix
We prove that Moser’s Diophantine condition implies the Brjuno-type condition:
Let N ≥ 2 be an integer and τ > 0. We will write a≪ b for quantities satisfying
a ≤ kb where k is a constant depending only on N, τ , and a ≍ b for a ≪ b, b ≪ a.
For C > 0 let DCN (C, τ) be the set of N -tuples (α1, . . . , αN ) such that α1, . . . , αN
are rationally independent irrationals in the interval (0, 1) satisfying
max
1≤j≤N
|qαj − pj | ≥
C
|q|τ
for all integers p1, . . . , pN , q with q 6= 0. Using Khintchine’s Transference Principle
it can be shown (see [Sch80], Ch.IV) that any (α1, . . . , αN ) ∈ DCN (C, τ) satisfies
|(α1, . . . , αN , 1) · (p1, . . . , pN , q)| ≥
C′
||(p1, . . . , pN , q)||τ
′
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for all (p1, . . . , pN , q) ∈ ZN+1 − {0}, where || · || denotes the sup norm on RN+1,
C′ ≫ C and τ ′ = Nτ +N − 1. Conversely if an inequality
|(α1, . . . , αN , 1) · (p1, . . . , pN , q)| ≥
C′
||(p1, . . . , pN , q)||τ
′
holds for all (p1, . . . , pN , q) ∈ ZN+1 − {0} then (α1, . . . , αN ) ∈ DCN (C, τ) where
C ≫ C′ and τ = τ
′+1−N
N
.
Letting (α1, . . . , αN ) 7→ (α˜1, . . . , α˜N ) = G(α1, . . . , αN , w) denote the Gauss
maps defined in section 2 (where w ∈ {1, . . . , N}), we have
Lemma 5.1.
(α1, . . . , αN ) ∈ DCN (C, τ)⇒ (α˜1, . . . , α˜N ) ∈ DCN (C
′, τ)
where C′ ≫ Cατ
′−1
w , τ
′ = Nτ +N − 1 .
Proof: Let −→α = (α1, . . . , αN , 1),
−→
β = (α˜1, . . . , α˜N , 1) ∈ RN+1. We can write
−→
β =
1
αw
A−→α
where A ∈ GL(N+1,Z) is a matrix whose largest entry is bounded by 1/αw, hence
||AT || ≪ 1/αw (where here || · || denotes the operator norm). Let τ ′ = Nτ +N − 1.
For
−→
k = (p1, . . . , pN , q) we have
|
−→
β ·
−→
k | =
1
αw
|−→α · AT
−→
k |
≫
C
αw
1
||AT
−→
k ||τ ′
≥
C
αw
1
||AT ||τ ′
1
||
−→
k ||τ ′
≫
Cαw
τ ′−1
||
−→
k ||τ ′
The conclusion of the lemma follows from the remarks above. ⋄
Lemma 5.2. For (α1, . . . , αN ) ∈ DCN (C, τ), given w ∈ {1, . . . , N} and (α˜1, . . . , α˜N ) =
G(α1, . . . , αN , w), there exists 1 ≤ j = j(w) ≤ N such that α˜j ≫ Cατw.
Proof: Let 1/αw = q + β where q ≥ 1 is an integer and |β| = α˜w < 1/2. We
note that k1 ≤ q/(q + β) ≤ k2 for universal constants 0 < k1 < k2 < 1. If
α˜wαw = |1− qαw| ≥ C/|q|τ then α˜w ≥ C/|q|τ and we put j(w) = w. Otherwise we
must have |qαk − ak| ≥ C/|q|τ for some k 6= w, so
α˜k =
|akαw − αk|
αw
= |ak − αk(q + β)| ≥ |qαk − ak| − αk|β|
≥
C
|q|τ
− αk|β|
≥ C′|q + β|τ − αk|β|
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where C′ ≫ C. If αk|β| ≤
1
2C
′/|q + β|τ then α˜k ≥
1
2C
′ατw and we put j(w) = k;
otherwise we have
α˜w = |β| >
1
αk
1
2
C′ατw >
1
2
C′ατw
and we put j(w) = w. ⋄
Proposition 5.3. If (α1, . . . , αN ) ∈ DCN (C, τ) for some C, τ > 0 then
B(α1, . . . , αn) < +∞.
Proof: We choose a w ∈ {1, . . . , N} and define (α
(n)
1 , . . . , α
(n)
N )n≥0, (w(n))n≥0, (Cn)n≥0
inductively by (α
(0)
1 , . . . , α
(0)
N ) := (α1, . . . , αN ), w(0) = w,C0 = C, and for n ≥ 0,
(α
(n+1)
1 , . . . , α
(n+1)
N ) := G(α
(n)
1 , . . . , α
(n)
N , w(n)); by Lemma 5.1, (α
(n+1)
1 , . . . , α
(n+1)
N ) ∈
DCN (Cn+1, τ), where Cn+1 := kCnα
(n)(τ ′−1)
w(n) for some constant k > 0 and τ
′ =
Nτ +N−1. We let w(n+1) := j(w(n)) be given by the previous lemma applied to
(α
(n)
1 , . . . , α
(n
N ) and w(n), so that (for k taken small enough) α
(n+1)
w(n+1) ≥ kCnα
(n)τ
w(n).
An easy induction gives Cn+1 = k
n+1C(α
(0)
w(0) . . . α
(n)
w(n))
τ ′−1. Putting τ ′′ =
max(τ, τ ′ − 1) it follows that
1
α
(n+1)
w(n+1)
≤
1
kn+1C
1(
α
(0)
w(0) . . . α
(n)
w(n)
)τ ′′
so
∞∑
n=0
α
(0)
w(0) . . . α
(n)
w(n) log
1
α
(n+1)
w(n+1)
≤
∞∑
n=0
(
α
(0)
w(0) . . . α
(n)
w(n)
)(n+ 1) log 1
k
+ log
1
C
+ τ ′′ log
1(
α
(0)
w(0) . . . α
(n)
w(n)
)


< +∞
since α
(k)
w(k) < 1/2 for k ≥ 1. ⋄
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